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Giving a universal upper bound on the power output of heat engines is a long-standing open
problem. We tackle this problem for generic quantum machines in a self-contained formulation by
carefully including the switching process of the interaction. In this way, we show a fundamental
upper bound on the power associated with the energy-time uncertainty principle. As a result, the
energy fluctuation of the controller is identified as a necessary resource for producing the power. This
bound implies a trade-off between the power and ‘noise’ in the energy, which yields an estimation
on the time scale for detectable work extraction. Ideal clock-driven model of autonomous quantum
machine gives a concrete demonstration of our bound.
The recent surge in investigations of thermodynam-
ics of quantum systems has revealed universal bounds on
the extractable work via quantum heat engines in various
ways [1–3]. However, little is known about the universal
characterization of the time it takes, namely the power,
work per unit time, of heat engines. No matter how large
the extracted work is, it makes no sense in practice if it
takes forever, as the Carnot engine is practically useless
because of its vanishing power. In fact, intensive research
has been done on the finite-time thermodynamics in re-
lation with the efficiency [4–10]. Especially, an explicit
trade-off relation between the power and the efficiency
was recently derived for classical [8] and quantum [9]
Markovian heat engines, which showed that Carnot effi-
ciency can never be achieved at finite power with Marko-
vianity [11]. Despite these enormous progress, universal
understanding of bounds on the power is still missing. In-
deed, there is even room for achieving Carnot efficiency
at finite power at present [10]. Actually, it has been yet
unclear in what level, what characterizes the limits on
the power.
Is any external resource required to produce the power?
The majority of conventional studies on the finite-time
quantum thermodynamics deal with externally controlled
Hamiltonians [12–15]. In such approaches, it is unclear
whether some external resource implicitly contributes to
producing the power because they are not self-contained.
As an alternative approach, one may consider an opera-
tion on the system and an explicitly included work stor-
age system via a time independent interaction, as with
some approaches in quantum thermodynamics [16–19].
Then, let us do so firstly.
We consider two harmonic oscillators as the system
and the work storage whose respective Hamiltonians are
HS = ~ωa
†a and HW = ~ωb
†b , where a and b are
the respective annihilation operators of the system and
the work storage. They are prepared in a product state
ρ ⊗ σ at time t = 0, and the energy is extracted from
the system oscillator to the work storage through the in-
teraction Hamiltonian V = g(a†b+ ab†) until t = τ with
the coupling constant g. When the initial state σ of the
work storage is diagonal in the energy eigenstates, the
amount of the extracted average energy is calculated as
(〈HS〉−〈HW 〉)(1−cos(2gτ/~))/2, where 〈HS〉 and 〈HW 〉
are the initial average energies of the system and the work
storage, respectively. As long as 〈HS〉 > 〈HW 〉, the posi-
tive work 〈HS〉−〈HW 〉 is obtained at τ = pi~/(2g), which
can be arbitrarily short by taking large g. Therefore,
it turns out that any large power can be obtained with
any diagonal state of the work storage even including the
ground state. Then, does this mean that any external
resource is unnecessary? The answer is no, because this
process is still not truly self-contained in the following
sense. Carefully looking at this model, one may perceive
that the switching on and off of the interaction are ex-
ternally given at t = 0 and t = τ respectively, so that
the interaction Hamiltonian is actually time dependent
as V (t) = 0 (t < 0, t > τ), V (t) = V (0 ≤ t ≤ τ).
In this letter, we show a fundamental upper bound
on the power produced by a quantum machine in a self-
contained formulation. As shown below, it is essential for
characterizing the bound to include on-and-off switching
process. The bound reveals that the energy fluctuation
of the external controller is a necessary resource for pro-
ducing the power.
Autonomous quantum machine.— We deal with
generic quantum machines to exchange the energy be-
tween a quantum system HS and an agent HA whose
respective Hamiltonians are HS and HA. Especially,
we consider a self-contained formulation of the quantum
machine with the time-independent total Hamiltonian
H = H0 + V := HS ⊗ 1S + 1A ⊗ HA + V which de-
scribes an autonomous interaction. That is, we assume
that the initial state σA of the agent and the Hamiltonian
H satisfy the following condition:
Condition 1 (No interaction up to time t0 [20]). For
any state ρ of the system HS and any time t ≤ t0 before
2the initial time t0, the commutativity [V, ρ ⊗ σA(t)] = 0
is satisfied, where σA(t) := e
−i
HA(t−t0)
~ σAe
i
HA(t−t0)
~ .
This condition guarantees that the two systems HS
and HA are separated from each other until the
switching-on time after t0. For simplicity, we set t0 = 0
from now on. It was shown [20] that Condition 1 is equiv-
alent to that
e−i
Ht
~ (ρ⊗ σA)e
iHt
~ = e−i
HSt
~ ρei
HSt
~ ⊗ σA(t) (1)
holds for any state ρ of HS and t ≤ 0. Then, the system
and the agent describe a generic autonomous quantum
machine where the interaction is automatically switched-
on after t = 0. In this way, all the components involved
in the process including the “switch” of the interaction
are contained in our formulation.
We denote the initial state of the system by ρS , and
the time evolution e−i
Ht
~ (ρS⊗σA)e
iHt
~ of the total system
by Θ(t). We focus on the mean work W := trHS(ρS −
ρ′S(τ)), where ρ
′
S(τ) := trAΘ(τ) is the final state of the
system at the final time τ > 0. Then, the mean power P
is defined as P :=W/τ . To interpret W as the extracted
work from the system to the agent, we assume the average
energy conservation
tr(HS +HA)Θ(τ) = tr(HS +HA)Θ(0) (2)
together with the switch-off condition:
[V,Θ(t)] = 0 (t ≥ τ). (3)
Condition (2) guarantees that the interaction Hamilto-
nian V just redistributes the energy between the system
and the agent, so that the total energyHS+HA is not af-
fected [21]. Otherwise, the system and agent become no
longer self-contained because of some external degree of
freedom associated with the change in the interaction en-
ergy. Condition (3) ensures that the interaction is turned
off after the interaction time τ so that the energies HA
and HS will respectively remain unchanged after that
time. In particular, if VΘ(t) = 0 holds for t ≤ 0 and
t ≥ τ , Condition 1 and (2), (3) are all satisfied.
Fundamental power bound.— Our first main result is
the following fundamental bound on the power of quan-
tum machines:
|P | ≤
2‖HS‖∆HA
~
(4)
in terms of the energy fluctuation ∆HA :=√
trH2AσA − (trHAσA)
2 of the agent, where ‖B‖
is the operator norm of an operator B [22]. This bound
identifies the energy fluctuation of the external controller
as a necessary resource for producing the power. We
give a detailed proof of (4) later.
Our bound (4) is a kind of quantum speed limit (QSL)
on the power associated with the energy-time uncertainty
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FIG. 1. A sketch of the time evolution of the probability dis-
tribution P (EA) of outcomes EA of the energy measurement
of the agent when the work fluctuation is small enough. Un-
less W ≫ ∆HA (i.e. for time scale τ . ~/(2‖HS‖), the work
is hard to detect due to the great deal of overlap between the
initial (dashed curves in both graphs) and the final distribu-
tion (thin colored (gray) curves in both graphs). In the case
(a) where the fluctuation is large, large amount of work is re-
quired to apart from the initial distribution though the speed
can be fast. (b) When the fluctuation is small, the speed is
slow although small work is sufficient. In consequence, long
enough time τ ≫ ~/(2‖HS‖) is required regardless of the fluc-
tuation.
principle [23]. Actually, our bound is derived from the
following stronger bound in terms of the trace norm
‖[HA, σA]‖1 of the commutator [HA, σA]:
|P | ≤
‖HS‖‖[HA, σA]‖1
~
, (5)
which essentially follows from a recently derived QSL by
Marvian [24]. This bound (5) implies that not only the
fluctuation but also sufficient amount of quantum super-
position in the energy eigenstates is necessary to extract
the power. In fact, even though ∆HA is large due to
only a classical mixture of energy eigenstates |EA,i〉 as
σA =
∑
i pi |EA,i〉〈EA,i|, the possible power is zero ac-
cording to (5) since [HA, σA] = 0.
Especially to focus on the work extraction from the
system to the agent where the agent is the work storage,
our bound (4) implies the trade-off between the power
3and ‘noise’. That is, as large power is produced, the
resulting signal of the work tends to be hidden behind
the inevitable large ‘noise’ of the fluctuation implied by
bound (4). Such an argument is known in the context
of Einstein photon box [25, 26]. Recently, similar trade-
off relations were also discussed on relations between the
precision of a unitary operation and detectability of the
output work [19, 27]. As a first application of bound (4)
from the perspective of such a trade-off, let us consider
the time scale required to extract the work under the
assumption of small enough work fluctuation. In this
case, the energy distribution of the agent moves almost
parallelly as in Fig. 1. To detect the work in this case,
the change W in the energy have to be larger enough
than the energy fluctuation ∆HA as ∆HA ≪ W . This
fact and bound (4) yield the necessary condition ∆HA ≪
2‖HS‖∆HAτ/~ for detectable work extraction. Hence,
we obtain the estimation
τ ≫
~
2‖HS‖
(6)
of its time scale. The trade-off results in this inevitable
speed limit regardless of the energy fluctuation of the
agent but rather characterized by the system energy scale
‖HS‖ alone (Fig. 1).
Now, we prove inequality (4). We compare the time
evolution of the initial state ρS ⊗ σA with that of τ -
delayed agent ρS ⊗ σA(−τ). With the same dynamics
governed by H , the former yields Θ(τ) = e−i
Hτ
~ (ρS ⊗
σA)e
iHτ
~ , and the latter does ρS(τ) ⊗ σA after the dura-
tion τ , where ρS(τ) := e
−i
HSτ
~ ρSe
i
HSτ
~ . From the unitary
invariance of the trace norm, we have ‖Θ(τ) − ρS(τ) ⊗
σA‖1 = ‖ρS ⊗ σA − ρS ⊗ σA(−τ)‖1 = ‖σA − σA(−τ)‖1.
In combination with this equation, the monotonicity
‖Θ(τ) − ρS(τ) ⊗ σA‖1 ≥ ‖ρ
′
S(τ) − ρS(τ)‖1 of the trace
distance with respect to the partial trace yields
‖σA − σA(−τ)‖1 ≥ ‖ρ
′
S(τ) − ρS(τ)‖1. (7)
Then, a quantum speed limit given by Marvian et
al. [(4.1)][24] implies
τ ≥ ~
‖σA − σA(−τ)‖1
‖[HA, σA]‖1
≥ ~
‖ρ′S(τ) − ρS(τ)‖1
‖[HA, σA]‖1
. (8)
Since HS is conserved under the isolated dynamics of
HS , W = trHS(ρS − ρ
′
S(τ)) = trHS(ρS(τ) − ρ
′
S(τ))
holds. Thus, the inequality |W | ≤ ‖HS‖‖ρS(τ)−ρ
′
S(τ)‖1
follows from | trAB| ≤ ‖A‖‖B‖1 for any two operators
A and B. Combining this inequality with (8), we obtain
bound (5). Finally, the relation ‖[HA, σ]‖1 ≤ 2∆HA [24]
yields bound (4).
Ideal clock-driven quantum machine.— As a typical
model of an autonomous quantum machine, we consider
the clock-driven quantum machine given by Malabarba
et al. [28]. In this model, the Hamiltonian of the agent
is given by the momentum operator P as HA = νP ,
where we take ν = 1[m/s]. The system Hamiltonian HS
is arbitrary as long as it is bounded. The interaction V
is defined by
V =
∫
VS(x)⊗ |x〉〈x| dx, (9)
where |x〉 is the eigenstate with the eigenvalue x of the
position operator. The support suppVS of VS is contained
inside an interval of size L, namely [0, L]. The support
of the initial state σA of the agent in position is also con-
tained inside a finite interval [−K, 0] of sizeK. Originally
in [28], this model was invented to reveal that energy con-
serving unitary driving of the system can be implemented
by the agent without any work cost. Thus, this model
was investigated under the commutativity [HS , V ] = 0.
On the other hand, we are interested in the energy ex-
change between the system and the agent. Thus, we
rather assume non-commutativity [HS , V ] 6= 0. This is
an idealized model of the clock driven quantum machine
in the sense that the energy spectrum of the agent is dou-
bly infinite and the initial state is completely confined in
a finite region.
In this model, the time evolution of the agent σA(t) by
HA alone is just the uniform motion e
−i
HAt
~ = e−i
Pt
~ in
position. Then, V (ρS ⊗ σA(t)) = 0 is satisfied for any
ρS and t ≤ 0 since the supports of σA and VS have no
intersection. Thus, Condition 1 is satisfied. The global
time evolution U(t) = e−i
Ht
~ is calculated as
U(t)
=e−i
HSt
~
∫
T e−
i
~
∫
t
0
e
−i
s
~
HSVS(x+s)e
i
s
~
HS ds ⊗ |x+ t〉〈x| dx,
(10)
where T is the time-ordered product. For simplicity, we
suppose that the respective initial states ρS and σA of the
system and the agent are pure, namely ρS = |φ〉〈φ| and
σA = |ψ〉〈ψ|, where |ψ〉 =
∫
ψ(x) |x〉 dx with suppψ ⊂
[−K, 0]. Then, the time evolution after the interaction
time t ≥ τ := K + L becomes
|Θ(t)〉 := U(t) |φ〉 ⊗ |ψ〉
=
∫ 0
−K
dx e−i
HSt
~ U(x) |φ〉 ⊗ ψ(x) |x+ t〉 , (11)
where U(x) := ei
HSx
~ Ue−i
HSx
~ with U :=
T e−
i
~
∫
L
0
e
−i
s
~
HSVS(s)e
i
s
~
HS ds. Thus, conditions (2)
and (3) are satisfied because of V |Θ(t)〉 = 0 (t ≥ τ) and
V |Θ(0)〉 = 0. Their validity is straightforwardly checked
also for mixed states. For generic initial states ρS and
σA :=
∑
i pi |ψi〉〈ψi| of the system and the agent respec-
tively, the final reduced state of the system is calculated
as ρ′S(τ) =
∑
i pi
∫
dx|ψi(x)|
2e−i
HSτ
~ U(x)ρSU(x)
†ei
HSτ
~ .
4Thus, the final energy of the system is
trHS
∑
i
pi
∫
dx|ψi(x)|
2e−i
HSτ
~ U(x)ρSU(x)
†ei
HSτ
~
=
∑
i
pi
∫
dx|ψi(x)|
2 trHSUe
−i
HSx
~ ρSe
i
HSx
~ U †. (12)
Especially, if ρS is block-diagonal in energy eigenspaces
as [ρS , HS ] = 0, the final energy (12) coincides with the
energy trHSUρSU
† obtained by the unitary operation U
independently of the initial state of the agent. Thus, the
work extraction by an arbitrary unitary U is realized for
such an initial state by appropriately choosing VS . For
example, we can chose VS as
VS(s) = i~f(s)e
i s
~
HS (logU)e−i
s
~
HS , (13)
where f is an arbitrary real function satisfying suppf ⊂
[0, L] and
∫
f(s)ds = 1.
Now, let us consider how large power is attained in re-
lation with our bound (4) in this model. At first, we focus
on how small fluctuation of the agent can be realized un-
der the fixed size L of the support of the initial state.
The variance ∆H2A is concave as a function of density
matrices of the agent. Therefore, it is sufficient to mini-
mize the energy variance among the pure states since any
density matrix can be decomposed into a convex combi-
nation of pure states. Then, we find an optimal initial
pure state σA = |ψ〉〈ψ| which minimizes the variance
∆H2A = 〈ψ|H
2
A |ψ〉 − 〈ψ|HA |ψ〉
2
= ~2(
∫
|ψ′(x)|2dx +
(
∫
ψ(x)∗ψ′(x)dx)2). By the polar form ψ(x) = r(x)eiθ(x)
of the wave function, the variance may be written as
~
2(
∫
r′(x)2dx+
∫
r(x)2θ(x)2dx−(
∫
r(x)2θ(x)dx)2). Since
the latter two terms
∫
r(x)2θ(x)2dx−(
∫
r(x)2θ(x)dx)2 is
the variance of θ(x) under the probability density r(x)2,
it is enough to minimize
∫
r′(x)2dx and take θ(x) ≡ 0.
This is done by solving the variational problem of the
functional
∫ 0
−L
r′(x)2dx of r(x) on [−L, 0] under the
constraint
∫
r(x)2dx = 1 and the boundary condition
r(−L) = r(0) = 0. As a result, we obtain the optimal
wave function
ψ(x) =


√
2
L
sin
(
−
pi
L
x
)
(−L ≤ x ≤ 0)
0 (x < −L, 0 < x)
(14)
and the minimum fluctuation ∆HA,min = pi~/L, which
implies the uncertainty relation
τ∆HA ≥ pi~ (15)
for the ideal clock [29] . Next, we explore a Hamil-
tonian and a state which maximize the power output
in this model. Since the Hamiltonian of the system
is arbitrary, we set HS := −C |0〉〈0| + C |1〉〈1| with a
constant C. In this case, ‖HS‖ = C. Let the ini-
tial state of the system be |φ〉 = |1〉. Since it is an
energy eigenstate, the final energy coincides with that
obtained via the unitary U as mentioned in the previ-
ous paragraph. We choose the interaction VS so that
U = |0〉〈1| + |1〉〈0| as in (13). Then, the maximum pos-
sible work Wmax = 2C = 2‖HS‖ is achieved indepen-
dently of the initial state of the agent. According to
(13), the size K of suppVS can be as small as one likes
by choosing a narrowly supported function f . Thus, the
interaction time τ can be arbitrarily close to the size L
of suppσA. In this way, the minimum interaction time
τmin = pi~/∆HA given by (15) is achieved in arbitrary
precision by setting the initial state of the agent as (14).
Since the maximum possible work Wmax = 2‖HS‖ is ob-
tained independently of the initial state of the agent, the
maximum possible power Pmax of this model turns out
to be Pmax = 2‖HS‖/τmin = 2pi
−1‖HS‖∆HA/~. Hence,
our universal upper bound 2‖HS‖∆HA/~ on the power
is at most saturated up to the factor pi−1 in the ideal
clock model.
Conclusion.— We have derived the universal bound
(4) on the mean power produced by a quantum machine
in a self-contained formulation. As a result of the self-
contained formulation including the switch of the interac-
tion, the bound shows that the energy fluctuation of the
external controller is a necessary resource for producing
the power. This is in very different circumstances from
the case where we do not care about the time. That is,
by the ideal clock model, Malabarba et al. [28] showed
that there is no cost to implement an arbitrary energy
conserving unitary operation without caring about the
time it takes. Hence, the possible amount of the work is
correctly evaluated in such a model without considera-
tion of the switch as we demonstrated at the beginning.
In contrast, full consideration of the self-contained quan-
tum machine including the switch is actually essential for
the fundamental bound on the power.
In addition, we have shown that this bound implies the
trade-off between the power and detectability of the work
when we regard the agent as the work storage. From this
trade-off, we have derived the time scale (6) required for
detectable work extraction in relation with the system
energy scale ‖HS‖.
We have demonstrated the ideal clock-driven quantum
machine as a typical example of an autonomous quantum
machine. In this model, we have shown that bound (4)
is saturated up to the factor pi−1. However, the clock
is ideal because of the doubly infinite spectrum of the
Hamiltonian and the perfect confinement of the initial
state. In fact, it was shown that Condition 1 always
implies the doubly infinite energy spectrum except for
the trivial case where the interaction never turns on [20].
That is because Condition 1 requires strict separation
between the system and the agent before the interaction,
which corresponds to the perfect confinement in the ideal
clock. Our autonomous quantum machines are idealized
in this sense. It is a future work to take account finite-
5size effects on the power bound, as Woods et al. [30] have
done on the finiteness of the clock.
Finally, we remark that our results imply that energy-
time uncertainty relations have promising potential for
applications in finite-time quantum thermodynamics.
Although del Campo et al. [31, Supplementary Infor-
mation] specified that quantum speed limits impose an
upper bound on the output power of a quantum Otto
cycle, physical implication of their bound is not so clear.
Revealing a resource for producing the power, our uni-
versal bound gives evidence of the effectiveness of QSL
approaches. Further studies are necessary for more ap-
plications. Structures of the system and the interaction
should be taken into account for that. In fact, our bound
do not reflect the interaction. Bounds in consideration
of the strength of the interaction will be shown in an
upcoming paper.
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